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ABSTRACT: In melts, ring polymers assume more compact conformations compared to linear chains with the
same degree of polymerizatidf, i.e. R ~ N with v &~ 0.4, whereR; is the radius of gyration. Upon gradually
substituting some of the ring polymers with linear chains, the ring molecules swell. In the limit of infinite dilution,
their size scales a& ~ N,%5 We present a scaling argument based on the blob model to capture this transition.
Ring—linear blends are modeled as a semidilute solution of ring polymers@rsalvent consisting of linear
chains. The model predicts that the size of the ring polymer remains unchanged up to the overlap concentration
¢’. Beyondc' the size of the ring shrinks according R ~ ¢/, whereff = 2v — 1 = —1/5 forv = 0.4. The
overlap concentration depends on the degree of polymerization of the ring accordiﬁg»td/ﬂ. These
predictions were tested by performing Monte Carlo simulations of+limgar blends using the bond-fluctuation
model. The results of the simulation fbf = 150 and 300 blended at different concentrations with linear chains

of the same degree of polymerization validate the scaling model.

1. Introduction equilibrium distribution. However, this method cannot be easily
generalized to melts of rings since it is probable that concat-
enated rings will be formed during the prepacking process. The
MD simulation of a polyethylene ring melt by Hur et®lusing
united-atom description is the only study we are aware of
hat uses an off-lattice description to study a dense system of
rings. However, from the standpoint of rheology the systems
simulated are relatively small (70 chains of 300 united atoms,
corresponding to about 3 entanglements using the entanglement
molecular weight of linear polyethylene). The BFM predicts

Although the statistical properties of flexible and semiflexible
linear polymers are well understood theoreticalijhe same
cannot be claimed for ring or cyclic polymers. The properties
of the simplest class of such molecules, namely nonconcatenate
rings which are topologically equivalent to a “trivial knot”, are
difficult to determine since the corresponding partition function
must somehow exclude (potentially using an infinite number
of invariants) the fraction of closed loops that are not in the

same topological class. that th ilibri . fri N4 wh is th
Starting from the mid-1980s a substantial body of experi- at the equiibrium size o ring8 ', whereR; IS the
radius of gyration and\; is the number of monomers in the

mental work has been developed on viscoelastic and tracerrin It mav be noted that estimates usina some MC methods
diffusion studies of polystyrene and polybutadiene rings 9. Y 9

~ 0.45 ,26 i i
comparing the properties of linear and cyclic polymers. In report aR ~ N4> dependencé’**which has been attributed

general, they indicate that, compared to their linear counterparts,to finite size effects?
rings assume more compact conformations, are less viscous, While the conformational and diffusion properties of pure
and possess lower plateau modliExperimental limitations ~ ring and linear melts have been investigated quite extensively,
have not stalled the theoreti#al! and computational investiga- ~ blends of rings and linear chains have not been studied
tion of ring polymersi2-20 Theoretical efforts have largely —adequately (apart from Geyler and Pak#flayho studied such
focused on the statics and dynamics of rings in a fixed array of systems using a cooperative relaxation model). These blend
obstacles, while computational studies have addressed rings irsystems are important because most experimental data on “pure
isolation and in melts. A significant fraction of computational rings” are in fact data on ringlinear blends due to contamina-
studies utilize the lattice-based bond-fluctuation model (BFM), tion or limitations of purification methods. As a first step toward
in part because most of the established simulation strategiesunderstanding the behavior of rinfinear systems, we examine
that aid the equilibration of linear chaftsn off-lattice Monte the statics, in particular, the average size of the rings as a
Carlo (MC) and molecular dynamics models, such as end- function of the relative composition of the ring and linear
bridging?? and configurational bias M& cannot be trivially species. These results may be viewed in light of recent dynamic
extended to prevent the formation of concatenated rings by experimental data on systematic rirlinear blends”
accident. The popular “slow push off* method of Auhl et?., Rings are expected to enlarge when they are blended with
which involves dialing up excluded-volume interactions of |ineqrs The sensitivity of the extent of swelling to the
chains, prepacks phantom ra_ndom_ walks into & .S”T'“'a“"” box concentration of the linears is an unaddressed question. In this
so as to start from a configuration that is similar to the paper we present a scaling model for the size of a ring polymer
based on the blob model for semidilute solutihRing—linear
* Corresponding author: phone (850) 644-6548; e-mail sachins@ blends are modeled as a “semidilute solution” of ring polymers

Scﬁ-fsgt-%?“; Chemical Laborator in a ®-solvent comprising linear chains. The scaling model and
* FAMU-FSU College of Engin);'e,ing, its predictions are explained in section 2.1. The BFM simulation
8 Florida State University. method for ring-linear blends is presented in section 2.2. The
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predictions of the model are tested using the BFM simulations examined at length scales less thamand of the order of.

in section 3. Below the correlation length scal&, we argue that the ring
encounters on average only linear neighbors, and a chain section
2. Model and Methods in a blob of sizeZ behaves as if it was undé&-conditions.

2.1. Scaling Model.It has been conjectured (and observed) Thus,
that a flexible ring polymer takes a collapsed conformation in

a melt of pure ring polymer chains due to the topological E~N 12
constraint of nonconcatentatiéi’-2° A scaling argument for b
the size of noncatenated ring polymers involves writing the free c\2
energy a% N, ~ o (5)
T
3
F(R)= i + & (@) . :
N, er from eq 4. For a coarse-grained picture on length scales of the

order of§ we argue that ring on an average only sees ring chain
neighbors. The nonconcatenation constraint becomes operational

and denotes the increase in free energy due to the nonconcatdt this quogth scale, and hence the ring bears a lattice-tree

enation constraint, and the second term denotes the Gaussiaﬁtrucwreﬁ’

free energy increase that favors the expansion of the coil. At the length scal€ we consider the ring to be composed of

Minimizing the free energy B/dR. = O leads toR. ~ N2>, N/Np segments of length with only ring neighbors. Based on
Further, a ring molecule is expected to swell with addition conjecture proposed by Cates and Deufsthe radius of

of linear chains due to the relaxation of the nonconcatenation gyration of such a structure would scale as

constraint (see Appendix). In this section we present a scaling

where the first term is proportional to the number of neighbors

argument to capture the size dependence of a ring molecule on R ~ (N/N )2/5g
its concentration in a ringlinear blend. A small fraction of r b
rings in a melt of linear chains constitutes the starting point for o \25
the scaling model. ~|——] (c/c®)*
. . . . . . $\—2 T

A ring—linear blend at low concentration of rings in a linear (c/ct)
melt can be thought of as a dilute solution of rings. Since a .
ring polymer does not experience excluded volume interactions ~(clc, ) ° (6)

in a melt, its conformation is identical to that in@:solvent.
At the overlap or threshold concentratich the concentration
in the solution is the same as the concentration of monomers
(Kuhn segments) within an individual ring. This concentration
is given by the ratio of number of monomers in a single ring
chain, N;, to the pervaded volume of the ring chain in dilute
solution, "3 ~ N32 We can follow a similar line of reasoning for the case of
linear chains in a melt of rings starting from a small fraction of
o N linear chains up to the semidilute regime. In the semidilute
G = (R‘,j”)3 ~ N 32 ~ 0 regime the linear chains can also be considered to be composed
r of blobs of size5. Because of the absence of nonconcatenation
constraint in the linear chain, the scaling at length scales less

At the threshold concentratior;, the correlation lengthg, X
i.e., the mean distance between Kuhn segments on neighboringthang persists up to and beyond length scales of the order of

fing chains, is of the order of the radius of gyration of the ring & This yields a radius of gyration of the linear in the semidilute
chain, R, Beyond the threshold concentratich the ring— regime as
linear blend enters the se.midilute regime, and the correlation
length & decreases fronR"" with increasingc,. Further, we R~ (N/Np)"%
expect the correlation length to be independeniNgfbeyond 0 \12
the overlap concentration. Thus, the concentration dependence N C_| ot
|

of the correlation length is given by sz

E- R?"(%) N ® - @

sinceN, ~ ¢ 72, £ ~ ¢, and the number of monomers (Kuhn
steps) in a linear chail is independent of concentration.

from eqgs 3 and 4. Note that ~ c? since it is independent of
concentration. The above scaling argument indicates that in the
semidilute regime the radius of gyration of a ring scales with
concentration of ring asc(c’ )~15.

N Nr N —-1/2 (2)

Sincec is independent o, we obtainm = 1 usingR™" ~
N*2 and the scaling relationship faf given by eq 2. Thus,

the correlation length scales inversely as the concentration in It iS observed from eq 7 that in the case of linear chains the
the semidilute regime radius of gyration is independent of concentratmnThis is

expected for a linear chain as the constraints imposed on it do
c\? not change, when a linear neighbor is replaced with a cyclic
&(c) ~ p (4) molecule.
T
Finally, we estimate the concentratioh at which the ring

Considering the ring chain to be composed of blobs of §ize polymer shrinks to unperturbed dimensions. Using eq 6, we can
consisting of, sayN, Kuhn segments, the ring chain can be write
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C:« 1/5
R(e) = R(cf)(g)

*\1/5

R(mel) = R(c)| 5 ®)
which implies
Jo [ RE) P
" \R(melt)
I L
Nr2/5 r
<N ©)

This implies that the concentration at which a ring molecule
attains unperturbed dimensions in a rfimear blend is
independent of molecular weight, which suggests that the
number fraction of ring neighbors is unity at concentrakif),n
i.e, in a melt of pure rings.

2.2. Bond-Fluctuation Model. Like Szamel and co-work-
ersi31418we employ Shaffer’s version of the BFM (referred
to as S-BFM hencefort¥f. S-BFM shrinks the number of
allowed bond vectors from 108 in the original BFM proposed
by Carmesin and Krem#&rto 26, leading to polymer chains
that are comparatively less flexible.

To generate an equilibrated blend of ring and linear mol-
ecules, we modified the initialization method described in our
earlier publication§?33We systematically placeN,: noncon-
catenated rings, each consisting\pfmonomers or beads, on a
3D cubic lattice in a simulation box of sizgox x Lpox X Lpox
with periodic boundaries. Throughout this report, length is
expressed in units of lattice spacing. In S-BFM, excluded

volume and chain connectivity are imposed by ensuring that
two beads do not occupy the same lattice site and that the Iengthaft
of the bond connecting consecutive beads belongs to the se

{1, /2, /3}. S-BFM enforces chain uncrossability by prohibit-
ing moves that lead to configurations in which the midpoints

of bonds intersect. In a trial move, a randomly chosen bead is

displaced by one lattice unit in any one of the six possible
directions. It is accepted if it does not violate the excluded
volume, chain connectivity, and chain uncrossability constraints.
After shuffling the rings for approximately= 2500(N;Nj, trial
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Figure 1. Combined linear regression on pure linear and ring data
simulated using Shaffer's version of the bond-fluctuation model
indicates that the radius of gyration of linears scaleRas N,*-5%0.01
while that of rings scales & ~ N,%430.01183234Qpen symbols indicate
results from earlier publications. Filled symbols are results on pure
rings and linears from this work correspondingNo= 150 andN =

300. The range of simulations of mixtures carried out in this paper is
highlighted for perspective.

of initialization. Unfortunately, the same technique cannot be
utilized for rings, since it can alter the topology and potentially
transform a system of nonconcatenated rings to one with a
sizable fraction of concatenated rings. During equilibration, a
trial move was attempted for a randomly selected bead,
belonging to either a ring or linear chain. One Monte Carlo
step (MCS) corresponds MyN; + NN, trial moves. For linear
chains, we monitored the autocorrelation function of the end-
to-end vectop(t) = R(t)-R(0)ZIR2(0)] whereR(t) = ry,(t) —

ri(t) is the vector connecting the positions of beads 1 ldnat
time t, and[@0is an average over all the chains in the system.
Similarly, for rings we monitored the decay of the autocorre-
lation pi(t) of the “diametrical” vector connecting beads 1 and
W2, rn2(t) — ra(t). The system was assumed to be equilibrated
er bothp, andp, dropped below 0.1. This took on the order

tof 5 x 10’ MCS or~15 CPU days on a modern processor for

the system sizes studied.

3. Discussion

Previous S-BFM studies explored the chain length
dependence of static and dynamic properties of pure linears and
pure ringst®3234 The data from these references fr >

moves to distribute them evenly in space, we randomly inserted 3082.33.35 have been collated in Figure 1, along with data on

N, linear chains, each witN monomers, in the simulation box.
Configurations that led to multiple occupancy of lattice sites
were discarded, and the process was continued until aMghe

pure rings and linears simulated in this paper. The radius
of gyration of linear chains scales &% ~ N%5%001 and
that of rings scales aR ~ N/%4%0.01 This is consistent with

chains were successfully embedded. In all the cases simulatedi,q iqea that configurations of linear chains obey Gaussian

this process took no longer than 5 min of CPU time on a modern
workstation, although we expect that a more sophisticated

insertion method may be required for longer chains. To simulate

meltlike behavior, the total fractional occupancy of the lattice
was maintained ag = ¢, + ¢ = 0.5, wherep, and¢, represent

statistics in the melt, while ring molecules are more compressed
due to the nonconcatenation constraint with neighboring
molecules.

In this study, we considered two series of riflgnear blends.

the fractional occupancy of ring and linear molecules, respec- In each series, identical numbers of beads were used to represent

tively (see Appendix). Keeping the rings frozen in place, we
allowed the linear chains to move for approximately=
2500NINp; trial moves, subject to the same constraints, to
randomize the initial configuration.

In the past, the equilibration of linear chaif®® was

the two species, i.elN; = Nj = N. As indicated in Figure 1, we
examined\ = 150 andN = 300, at a total fractional occupancy
¢ = ¢r + ¢ = 0.5. The lengths of the linear and ring polymers
were held constant, and we varied the composition of the
ring—linear blend from¢, = 0.5 to ¢, = 0.0, corresponding

accelerated by allowing chains to pass through each otherto the range between pure rings to pure linear chains, respec-
initially. Such moves were forbidden in the subsequent phasetively. Table 1 summarizes the details of the systems studied.
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Table 1. Description of the Systems Simulated 13
& r Npl Npr 12 w
N =150 s 11-

0.500 0.000 720 0 = o ring (simulation)
0.479 0.021 690 30 S.10- — R =6.01 0,
0.458 0.042 660 60 E’ 4—a linear (simulation)
0.438 0.063 630 90 3 9- 7
0.375 0.125 540 180 £ ¥ =
0.313 0.188 450 270 & sk 5
0.250 0.250 360 360 6 =0 171
0.188 0.313 270 450 ' i
0.125 0.375 180 540 7+ . . L
0.063 0.438 90 630 0.1 0.2 0.3 0405
0.042 0.458 60 660 fraction of rings, ¢,
88(2)(1) 8288 38 ?gg Figure 3. A log—log plot of the mean-squared radii of gyration of

: : rings (circles) and linear chains (triangles) for a blend of ring and linear

N = 300 molecules withN, = N, = 300 at different compositions. We used the

0.500 0.000 360 0 last six data points in the semidilute region to fit the straight linRto
0.450 0.050 324 36
0.375 0.125 270 90
0.250 0.250 180 180 . . . .
0167 0333 120 240 |ndepe[1dent of the concen_tratlon (.)f. the rings qnd is
0.100 0.400 72 288 approximately equal to the size of coil in the pure linear melt
0.050 0.450 36 324 (R(¢r =0)=7.95+ 0.10 and 11.2@= 0.17 forN = 150 and
8-83(5) 8-‘5‘(7)8 18 ggg 300, respectively). The size of the error bars increases as

: : 0.5 becausé\, decreases (see Table 1).

_ ;E’]e size of the simulation baox = 60, and the total densitg; + ¢ The size of the ring polymers is not sensitivegtoat small

concentration of rings. This is expected for a “dilute solution”
of rings in an environment of linear chains, as a ring molecule

9 cannot perceive the presence of other rings. In both Figures 2
M and 3, the size of the ring polymer remains roughly constant,
8 so long aspr < ¢;. Beyond the overlap concentratiah, > ¢;,
-% the dispersion of rings enters the semidilute regime, and the
S7- M :i’l"fs )02 size deqreases in accordance WRh~ ¢~ > as predicted by
"g —a MG linear | the scaling model (eq 6).
2 This well-defined, albeit weak, dependence on the concentra-
S } s 3 3 tion is in sharp contrast witldynamical properties of ring
0 !\ polymers, which are extremely sensitive to linear contaminants.
¢0,= 027f * More recently, it has been reported that the terminal relaxation
5 005 01 03 05 time of a polystyrene ringlinear blend (both components of
fraction of rings, ¢, molecular weight 200 kDa) with 5 vol % of the linear

Figure 2. A log—log plot of the mean-squared radii of gyration of component is greater than the relaxation time of the linear chain
rings (circles) and linear chains (triangles) for a blend of ring and linear jtsel|f 27

molecules withN; = N; = 150 at different compositions. As the fraction . . . - . .
of the rings¢: decreases, the cyclic molecules swell as linear chains ~ 1he intersection of dilute and semidilute regimes defines the

pervade the volume occupied by them. The simultaneous effect on theoverlap threshold concentratiogj; which is equal to 0.27 and
size of the linear chains is negligible. We used the last four data points 17 forN = 150 and 300, respectively (see Figures 2 and 3).
in the semidilute region to fit the straight line K. On the basis of the results fot = 300 and eq 2, we expect
#7(N = 150) ~ 0.24, which is in fair agreement with the
To measure the size of the rings and linear chains, we observed value. It is interesting to note that in the pure ring
calculated the average radius of gyration melt, R(N = 300, ¢ = 0.5)R(N = 150,¢, = 0.5) = 1.35+
0.01= (300/150943 However, dilute rings are more expanded,

12 and R(N = 300)R™(N = 150) = 1.48 + 0.05 = (300/
2 2

Ry"= N_ {r; = rem) T (10) 150)-56:0.05 and suggests a larger slope. Although it is inap-

= propriate to infer power laws from merely two data points, the
where the summation indexruns over all theN = N; or N, reported trend is expected. The pressure imposed by the
beads of a molecule locatedratand the center of massn is nonconcatenation constraint in a ring melt, which causes
defined by compression, is relaxed in a dilute dispersion of rings. Indeed,

in a clever calculation, Brown et &.capitalized on a unique
N geometrical feature of S-BFM which allows the chain uncross-
lem™= N r (11) ability constraint to be easily switched on or off. When ring
=

contours were allowed to cross each other, they found that the

As mentioned earlier, angular brackef®]represent an rings were swollen and obeyed a power IBw~ N>
average over all the molecules in the system. Figures 2 and 3 In Figure 4, the two series are collapsed onto a master curve
depict the radius of gyration of the rings and linear species for by normalizing the absicca with;’, and the ordinate with the
N = 150 and 300, respectively. As predicted by the scaling size of the dilute ringsR?". The universality observed es-
model (see eq 7), the size of the linedsappears to be  sentially validates the scaling model proposed. The suggestion
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%[f ¥ : The number fraction of ring segmentge is given by
=_09F
14 fr _ NoeN, 12)
4 MCN=150 ¢ NprNr + NP'N'
= MC N=300 i
OB e e e e nge) whereN,, and Ny are the number of ring and linear chains in
o - L the system, respectively. In this study, ring and linear polymers
0.1 R are consist of identical number of monomel € N)). If the
0 /0, total densitygp = ¢r + ¢, of the system remains constant, then

Nor + Npi is also a constant for a given volume of the blend.

Therefore, we have from eq 12d¢;) ~ (Np/Np) ~ (c/c),

where ¢; is the number fraction at threshold concentration.

that a ring polymer attains unperturbed dimensions only in the Using this in eq 6, we have

pure ring melt (eq 9) is also borne out in the master curve. 6 \-15
r

Figure 4. Master curve in which Figures 2 and 3 are superimposed
by normalizing the axes.

Although the agreement between the scaling model and
S-BFM appears to be excellent, it is important to point out F
remaining ambiguities. The scaling model, in general, predicts
that if R ~ N for a pure ring melt, the concentration In the spirit of eq 1, the free energy of a rinfinear blend
dependence of the size of a ring in a rrlpear blend in the can be written as
semidilute regime is given big. ~ ¢2 1. As mentioned earlier,
for v = 0.4, it implies R ~ ¢, °% However, the SBFM R N
model yieldsy = 0.43. Thus, from the scaling argument, we FR)= N +—= (14)
would expect a weaker concentration dependeéRce ¢! '
~ ¢ %14 However, it may be pointed out thatappears to
approach 0.4, when onli}{; > 100 are considered or when
finite size effects are corrected for as suggested byleviu
et all? Finite size effects are also evident in Figure 2. As
N; increases from 150 to 300, the quality of agreemen
with the scaling model improves (see Figure 3). The scaling

(13)

where the free energy increase due to the nonconcatenation
constraint is assumed to be proportional to the fraction of ring
neighbors of any given ring. Minimizing this free energy, one

; obtains

—1/5\, 2/5
model assumes that the rings obey Gaussian statistics, an R~ (¢/9) ™N, (15)
assumption that becomes increasingly more suitableNas ) ) ) )

increases. Comparing the scaling results in eq 13 with the free energy

based scaling results in eq 15, we see that the results of free
energy minimization corroborate with the concentration scaling
arguments.

Finally, in the ring-linear blends studied by Geyler
and Pakul&8 using a quasi-cubic lattice and a simple coopera-
tive relaxation scheme, there is no evidence fop;a(see
Figure 3 in their papéP) that characterizes a transition from
the dilute to the semidilute regime. They observe a linear
correlation R?2 ~ ¢ throughout the concentration window (1) Doi, M.; Edwards, S. FThe Theory of Polymer DynamidSlarendon
explored. However, in the absence of associated error bars, it ,, Efgiérgﬁfl?ﬂrgérﬁqggécule51985 18, 13501361,
is unclear how much confidence ought to be placed in the most (3) Mckenna, G.; Hadziioannou, G.; Lutz, P.; Hild, G.; Strazielle, C.;
dilute solutions of rings (which correspond to averages over Straupe, C.; Rempp, P.; Kovacs, Macromolecule4987, 20, 498

; _ : x : 512.
only 4 rings forN, = 128). Sinceg, v N,, we conjecture (4) Roovers, J.; Toporowski, B. Polym. Scj Part B: Polym. Phys1988

that the transition was pushed towagg — 1 and went 26, 1251-1259.
unobserved due to the large noise-to-signal ratio. Further, the (5) Mckenna, G.; Hostetter, B.; Hadjichristidis, N.; Fetters, L.; Plazek,

BFM is a well-established model in which issues such as D. Macromoleculesl989 22, 1834-1852.
(6) The latter observation is controversial, since the presence of a small

ergodicity and weighting of configuration states are better fraction of knotted or “Olympic” rings and linear contaminants in these
understood? samples cannot be ruled out, which could explain the presence of a
plateau modulus.
; (7) McKenna, G. B.; Plazek, D. Polym. Communi986 27, 304—306.
4. Conclusions (8) Cates, M.; Deutsch, J. Phys. (Paris)L986 47, 21212128,
We proposed a scaling model to predict the size of a (9) Rubinstein, MPhys. Re. Lett. 1986 57, 3023-3026.

ring polymer in a ring-linear blend. We found that in the (10) 102téu3k_h1°2\’é6§'; Rubinstein, M.; Duke, Phys. Re. Lett. 1994 73,

dilute region the sizes of the components are independent(11) Iyer, B. V. S.; Lele, A. K.; Juvekar, V. APhys. Re. E 2006 74,
of the concentration, and in the semidilute region while 021805. _

R ~ ¢ continues to be independent of concentration, (2 MJler. M. Witmer, J.; Cates, MPhys. Re. E 1996 53, 5063-
R~ ¢~¥5 In addition, for ring polymers, we also found (13) Brown, S.; Szamel, GI. Chem. Phys1998 108 4705-4708.

that the overlap concentratiai ~ N,"%/2 and the concentra- 8‘5‘; g;ou";’snéhs-j Shigwfs'v ?J.; %hignégpgg%%%% g?gzgﬁ“‘elgz-
tion at which the ring attains unperturbed dimensions (16) Miiler, M.; Wittmer, J.; Barrat, JEurophys. Lett200Q 52, 406—

o ~ N 412.
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